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1. Introdution
In this work, we will study the isotropisation of a minimally oupled salar tensor theory
with a massive salar eld and a perfet uid in the Bianhi type I model.
Lets give some reasons about our hoie for this geometrial framework. Although our
present Universe seems in agreement with the osmologial priniple, it ould be ne-
essary to partly release it for the early times if we want to explain the formation of
large-sale strutures. Moreover, the observations of the osmi mirowave bakground
by COBE show some small inhomogeneities. These observational fats lead us to assume
a more general geometry than this of the isotropi models i.e. the Friedman-Lemaitre-
Robertson-Walker (FLRW) ones. The simplest generalisation is to leave the isotropy
hypothesis and to onsider the Bianhi models. About the nine Bianhi models, some
of them aept FLRW models as exat solutions. Hene, Bianhi type I models ontain
the at FLRW ones , the Bianhi type V ones ontain the open FLRW ones, and the
Bianhi type IX , the losed ones. At the present time, despite some more and more
powerful observational tools, we do not know in whih type of Universe we live. How-
ever, Boomerang experiment favours a at Universe[1℄ and the same onlusion ould be
drawn from the presene of ination[2, 3℄ although this phenomenon has to be onrmed
by deepest observations and ould be ompatible with other types of geometries[4℄. All
these fats justify the interest of the Bianhi type I model.
As a physial framework, we have hosen to study a salar-tensor theory minimally
oupled to a massive salar eld φ. The geometrial part of its Lagrangian writes as this
of the General Relativity, whih desribes with a high preision the loal dynamis of
our Universe for the weak elds. Taking into aounts one or several salar elds ould
be one of the key for a theory able to explain the physis of the early times. They are
predited by uniation theories whose low energy limit ould be a salar-tensor theory.
They also appear during dimensional redution of Kaluza-Klein type theories. In addi-
tion, we will also assume that φ is a massive eld. The reason is that ination ould
be the onsequene of the presene of a osmologial onstant whose urrently observed
value and partile physis predited value dier from 120 orders of magnitude: this is
the so alled osmologial problem. To explain this huge disrepany, a solution ould
be to onsider that the osmologial onstant is in fat a variable potential U repre-
senting the oupling of φ with itself. Moreover, we will onsider a Brans-Dike oupling
funtion ω between the salar eld and the metri. The theory thus desribed has been
studied in [5℄. Here, we will generalise it by adding a perfet uid. Assoiating a salar
eld and a perfet uid ould be a way to explain the nature of dark matter, if the rst
one plays the same dynamial role as the seond one as suggested by the quintessene
or traking models[6, 7℄. In the quintessene model, the salar eld slowly rolling down
its potential suh that the ratio of its pressure and energy density, w, be a onstant
belonging to the range [−1, 0]. One problem of the quintessene model is the osmi
oinidene problem: why the present energy density of the salar eld would be of the
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same order as this of the matter energy density. One possible solution to this question
ould be to onsider a speial form of quintessene, alled traker model, for whih w is
time varying, and works like an attrator solution. Thus, late times osmology would
be independent of the early onditions.
From an observational point of view, the standard model that seems to emerge
today is the same as this desribed above with ω = 0 and U = cte. However, this par-
tiular one is far from being satisfatory (as instane, it does not solve the osmologial
problem). Hene, more general theories leaving ω and U undetermined have to be stud-
ied and some eorts are urrently done to try and guess what ould be some limitation
on their forms and values. As instane, in [8℄, it is shown how from the observations
one an determine the Lagrangian of a salar tensor theory. In [9℄, it is demonstrated
that salar tensor theories an be ompatible both with primordial nuleosynthesis and
solar-system experiments with osmologial models very dierent from the FLRW ones.
In [10℄, it is shown how new bounds on ω ould be derived from future spae gravita-
tional wave interferometers, thus allowing to test salar tensor gravity. All these works
are related to observational osmologies and aim to derive some satisfatory limits on
ω and U as we try to do it from a theoretial ground in the present paper.
Mathematially we will study the isotropisation of the Universe in the same way
as in [5℄, i.e. by assoiating the Hamiltonian formalism of Arnowitt, Deser and Misner
(ADM)[11, 12℄ whih allows getting rst order dynamial system equations with the
dynamial system methods[13℄. Our goal will be to determine the neessary onditions
for the isotropisation of the theory desribed above and the asymptotial dynamial
behaviours of the Universe at late times. The plan of this work is the following. In the
seond setion, we establish the eld equations of the Hamiltonian formalism. In the
third setion, we analyse their dynamis. In the fourth setion, we disuss the physial
meaning of our results.
2. Field equations
In this setion, we will alulate the eld equations of the minimally oupled salar-
tensor theory with a massive salar eld and a perfet uid. The ation is written:
S = (16π)−1
∫ [
R− (3/2 + ω(φ))φ,µφ,µφ2 − U(φ) + 16πc4Lm
]√−gd4x(1)
with φ the salar eld, ω the oupling between the salar eld and the metri, U the
potential and Lm the Lagrangian density of the matter. We will onsider a perfet uid
with an equation of state p = (γ − 1)ρ, p and ρ being respetively the pressure and the
density of the uid. For γ = 0, γ = 1 and γ = 4/3 we get respetively the equation of
state desribing the vauum energy, a dust and radiation uid. As the rst ase an be
assimilated to the presene of a osmologial onstant already studied in [5℄, we will not
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onsider it and will assume that γ ∈ [1, 2]. We will use the following form of the metri:
ds2 = −(N2 −NiN i)dΩ2 + 2NidΩωi +R20gijωiωj (2)
The ωi are the 1-forms dening the homogeneous spae of the Bianhi type I model and
the gij are the metri funtions. To derive the expression of the ADM Hamiltonian, we
proeed in the same way as [11℄ or [14℄. We rewrite the metri funtions by using the
Misner parameterisation[15℄:
g11 = e
−2Ω+β++
√
3β
−
g22 = e
−2Ω+β+−
√
3β
−
g33 = e
−2Ω−2β+
The β± funtions desribe the anisotropy of the Universe and Ω its isotropi part. We
an derive the eld and the Klein-Gordon equations of the Lagrangian formulation by
varying the ation with respet to the metri funtions and the salar eld. Then using
the Bianhi identities and the Klein-Gordon equation, we an nd the onservation law
for the energy impulsion of the perfet uid, T 0µ;µ = 0, and thus the well known relation
between the energy density and the 3-volume V of the Universe: ρ = ρ0V
−γ
, ρ0 being
an integration onstant and V = (
∏
i gii)
1/2 = e−3Ω. To nd the Hamiltonian of the
ADM formalism, we have to express the ation with the variables β+, β− and their
onjugate momentum p+ and p−. Then, we vary it with respet to N whih plays the
role of a Lagrange multiplier. We get a onstraint equation from whih we an derive
the Hamiltonian. The reader interested by full details of its derivation when no perfet
uid is present an nd it in [5℄. Finally, we get:
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 24π2R60e
−6ΩU + δe3(γ−2)Ω (3)
pφ is the onjugate momentum of the salar eld and δ a onstant equal to (γ − 1)ρ0.
It is a positive onstant when γ ∈ [1, 2] and the energy density of the perfet uid is
positive. We will assume it is the ase. From (3), we derive the Hamilton's equations:
β˙± =
∂H
∂p±
=
p±
H
(4)
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
(5)
p˙± = − ∂H
∂β±
= 0 (6)
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
− 12π2R60
e−6ΩUφ
H
(7)
H˙ =
dH
dΩ
=
∂H
∂Ω
= −72π2R60
e−6ΩU
H
+ 3/2δ(γ − 2)e
3(γ−2)Ω
H
(8)
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A dot means a derivative with respet to Ω. If we ompare them with these got when
no perfet uid is present[5℄, we remark that only the equation (8) is modied. We will
hoose N i = 0 and then we alulate that N [11℄[12℄ an be written‡:
N =
12πR30e
−3Ω
H
(9)
The relation between the Ω time and the proper time t being dt = −NdΩ, we dedue
that t is a dereasing funtion of Ω for all positive Hamiltonian.
3. Isotropisation onditions and asymptotial behaviours
In the rst subsetion, we rewrite the eld equations with new normalised variables. In
the seond one, we study mathematially the system thus obtained.
3.1. Rewriting of the eld equations with normalised variables
The equations (3-8) form a rst order system that we wish to rewrite with the following
variables:
x = H−1 (10)
y = e−3Ω
√
UH−1 (11)
z = pφφ(3 + 2ω)
−1/2H−1 (12)
They are independent eah other's sine the rst one depends on H , the seond one
on H and φ and the third one on H , φ and pφ. The forms of y and z show that the
potentials U have to be positive and the Brans-Dike oupling funtion ω must be larger
than −3/2 so that the variables be real. These are usual hypothesis in osmology. The
onstraint (3) is then written:
p2x2 +R2y2 + 12z2 + k2 = 1 (13)
where we have put to simplify the equations k2 = δe3(γ−2)ΩH−2 = δxγy2−γUγ/2−1. The
onstants p and R are dened by p2 = p2+ + p
2
− and R
2 = 24π2R60. Rewriting the
equations (5), (7) and (8), we get:
x˙ = 3R2y2x− 3/2(γ − 2)k2x (14)
y˙ = y(6ℓz + 3R2y2 − 3)− 3/2(γ − 2)k2y (15)
z˙ = y2(3Rz − R2/2ℓ)− 3/2(γ − 2)k2z (16)
‡ In few words, this result an be reovered in the following way. We rst rewrite the ation under a
Hamiltonian form, i.e. S =
∫
(gij
∂Πij
∂t − NH − NiHi)d4x, Πij being the onjugate momentum of the
metri funtions gij , N and Ni the lapse and shift funtions, H and Hi the super Hamiltonian and
super momentum. Then, by varying the expression thus obtained with respet to Πij , we derive an
expression for ∂gij/∂t. Developing −1/2(−g)−1/2δg/δΩ as a funtions of the gij and using the above
mentioned expression, we nd (9).
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with ℓ = φUφU
−1(3 + 2ω)−1/2. From the rst one, we dedue that x is a monotoni
funtion of onstant sign and then that no homolini orbit are allowed.
In the Appendix A, we show that even if δ < 0, i.e. if we onsider negative energy
density, the equilibrium is not ompatible with the divergene of k.
3.2. Mathematial study of the rst order system equations
In the rst subsetion, we examine the values of x and k allowing the isotropisation. In
the seond one, we look for the equilibrium points orresponding to a stable isotropi
state for the Universe.
3.2.1. Values of x and k ompatible with the isotropisation Assuming that late times
orrespond to the divergene of the proper time t, an isotropi and stable state is suh
that β± tend toward some onstants with dβ±/dt→ 0. By using the expression for the
lapse funtion, we alulate that it happens only when Ω→ −∞. The Universe is then
expanding. It orresponds to late times epoh when the Hamiltonian is positive and
justify our assumption on the asymptotial value of t sine there is no physial reason
suh that the diverging expansion of the Universe take plae for a nite value of the
proper time. Sine in the same time, β± should tend toward some onstants, we should
also have β˙± → 0, i.e. x → 0. Consequently, a stable isotropi state an be reahed
only in the plane x = 0 of the phase spae when Ω diverges negatively. We will have to
hek if these two onditions do not exluded eah others.
What about the value of k? From the onstraint, we see that k2 ≤ 1. Then, by
onsidering the expression k2 = δH−2e3(γ−2)Ω and the equation for H˙H issued from (8),
we dedue that:
• k2 will tend to vanish when U > V −γ.
• k2 will tend toward a onstant dierent from zero when x = 0 if the Hamiltonian
tends toward H = H0e
3/2(γ−2)Ω
. Then k2 → δH−20 and U ∝ V −γ.
• k2 will tend toward 1 for any potential suh that U < V −γ.
The rst ase orresponds to an asymptotially dominated salar eld Universe. It has
already been studied in [5℄. It will onern any potential tending toward a onstant or
diverging sine the 3-volume will diverge when isotropisation arises and then V −γ → 0.
The seond ase orresponds to a potential behaving asymptotially as the energy
density of the perfet uid, U ∝ ρ. It is dierent from trakers solutions whih are suh
that asymptotially ρφ ∝ ρ, ρφ being the salar eld energy density: then, it is the salar
eld energy density that mimis this of the perfet uid and U ≤ ρ. However, in both
ases, the metri funtions behave asymptotially as the Universe was lled only with a
perfet uid whose density is inreased by the presene of the salar eld. Hene, when
U ∝ V −γ, dark matter and oinidene problems ould be explained in the same way as
trakers solutions try to do it. For this reason, we will name these solutions "trakers
like" solutions.
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The third ase orresponds to a Universe dominated by the perfet uid. Eetively,
if we use a Lagrangian formulation to rewrite the eld equations, we remark that when
U < V −γ , in the spae eld equations we an neglet the potential regarding the term of
the perfet uid. Thus, the asymptotial solutions of the metri funtion will take the
same form as these of a theory without salar eld. However, in the onstraint equation,
the salar eld is not negligible. We will see below that this ase always implies that ℓ
diverges, that is also possible in the previous ase.
In the following subsetion, only the non asymptotially salar eld dominated
ases that ontain the trakers solutions, will be studied, the results of the salar eld
dominated ase being idential to these of [5℄.
3.2.2. Isotropi stable equilibrium states for non asymptotially salar eld dominated
Universe We nd four equilibrium points in the plane x = 0, with k 6= 0 and respeting
the onstraint if k2 = 1−3γ(2ℓ2)−1. This last ondition is not a ne-tuning. In fat, the
expression for k ontains the integration onstant δ whih is hene determined by the
onstraint equation. As evoked above, it shows that when ℓ → ∞, k → 1. Moreover,
sine k2 and δ are positive, we derive that ℓ2 6∈ [0, 3/2γ] and thus eliminate two of the
equilibrium points whih are not real under this ondition. The two remaining ones
are then dened by (y, z) = (±(2Rℓ)−1
√
3γ(2− γ), (4ℓ)−1γ). They are real as long as
γ < 2. The equilibrium states taking plae in Ω → −∞, they are soures for the Ω
time and sinks for the proper times t when the Hamiltonian, whih an be assimilated
to an energy, is positive. Linearising the equation (14) in the neighbourhood of the
equilibrium points allows us to alulate x(Ω) and, using the relation dt = −NdΩ,
we get that asymptotially e−Ω tends toward t
2
3
γ−1
whatever ℓ. It follows that if the
potential behaves like the energy density of the perfet uid, near the equilibrium, both
tend toward zero as t−2. We have also heked that x(Ω) → 0 when Ω → −∞, thus
showing the ompatibility of these two limits neessary for isotropisation.
In the next setion, we disuss about physial meaning of these results, ompare them
with other papers and make some appliations.
4. Disussion
In this paper, we have onsidered the isotropisation of a salar-tensor theory minimally
oupled to a massive salar eld with a perfet uid for the Bianhi type I model. The
following disussion is divided in three parts. The rst one ontains the set of results of
this work, the seond one some omparisons with other papers and the third one, some
appliations onerning the most studied forms of potentials.
We have seen that three ases an be distinguished depending on the fat that the
potential is larger, smaller or behaves in the same way as the energy density of the
perfet uid. For the rst ase, we reall the result we have got in [5℄, adapting its
terms to the present paper:
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Asymptotially dominated salar eld Universe
When the potential is asymptotially larger than the energy density of the perfet uid, a
neessary ondition for isotropisation of the minimally oupled salar eld with a mas-
sive salar eld φ and a perfet uid, whatever the Brans-Dike oupling funtion ω and
the potential U onsidered, will be that φUφU
−1(3 + 2ω)−1/2 tends toward a onstant ℓ
with ℓ2 < 3. It arises at late times if the Hamiltonian is positive, at early times other-
wise. If ℓ 6= 0 the metri funtions tend toward tℓ−2. The Universe is expanding and
will be inationary if ℓ2 < 1. If ℓ = 0, it tends toward a De Sitter model.
It inludes all the diverging potentials or these tending toward a osmologial on-
stant at late times as it ould be the ase for our present Universe. The rst new result
of this study onerns the potentials that mimi asymptotially the energy density ρ of
the perfet uid. In this ase, we an onsider that their eet is equivalent to inrease ρ.
Isotropisation of trakers like theories:
When the potential asymptotially behaves like the positive energy density of the perfet
uid with an equation of state p = (γ−1)ρ and γ ≥ 1, neessary onditions for isotropi-
sation will be that φ2U2φU
−2(3 + 2ω)−1 tends toward a onstant ℓ2 larger that 3
2
γ and
γ < 2. The isotropisation always arises at late(early) times when the Hamiltonian is
positive(negative). Then the metri funtions tend toward the attrator t
2
3
γ−1
, the Uni-
verse is expanding, non-inationary and the potential and density ρ tend toward zero as
t−2.
Finally, the last ase onerns a theory asymptotially dominated by the matter. Then,
the potential U is negligible regarding the energy density ρ:
Asymptotially matter dominated Universe:
When the potential is asymptotially smaller than the energy density of the perfet uid,
the neessary onditions for isotropisation are the same as for trakers like theories but
the quantity φ2U2φU
−2(3 + 2ω)−1 is always diverging.
To omplete these two last results, we need to determinate the asymptotial value of φ
near the equilibrium. From it, we will be able to determine the asymptotial value of
the potential relative to V −γ and the onstant ℓ. Using the equation (5) and writing it
near the equilibrium, we dedue that:
Asymptotial behaviour of the salar eld near the equilibrium:
The asymptotial behaviour of the salar eld near the equilibrium state when it does
not dominate the Universe is this of the funtion φ dened by the dierential equation
φ˙ = 3γUU−1φ when Ω→ −∞.
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Note that in [5℄, it has been shown that the orresponding equation for the salar
eld when it dominates the Universe is φ˙ = 2φ2Uφ(3 + 2ω)
−1U−1. All these results are
independent from an initial state for the Universe exept the sign of H whih have to
be initially positive so that the isotropisation take plae at late times. Remark also that
they an not be applied to a theory without potential sine then the variable y and thus
ℓ is not dened.
In this seond part, we ompare our results related to the non-asymptotially dom-
inated salar eld Universe with these of other papers.
Hene, in [16℄ is studied what is alled the "Quintessential adjustment of the osmolog-
ial onstant". The quintessene phenomenon is onsidered for an FLRW model and
leads naturally to a vanishing potential. It is what we observe here, the quintessential
solutions being suh that U ≤ V −γ, sine then neessary onditions for isotropisation
imply that the potential tends toward zero at the most as t−2. It ould thus solve the
osmologial onstant problem.
In [17℄ where the General Relativity with a perfet uid and a quintessential matter
is studied for a at isotropi model, it has been demonstrated that the solving of the
oinidene problem was not ompatible with ination. This result is here generalised
to any isotropising Bianhi type I model whatever ω and U sine for ination being
present at late time we would need that γ < 2/3, whih is not the ase for ordinary
matter.
In [18℄, it has been shown that salar-tensor theory with a potential and a perfet uid
an have as late time attrator the General Relativity. It orresponds to what we have
found in this work sine when neessary onditions for isotropy are respeted the metri
funtions asymptotially tend toward t
2
3
γ−1
. Hene, when γ = 1, we have a dust uid
and the Universe tends toward an Einstein De-Sitter one with gij → t2/3 as usually
found when we onsider this kind of matter. The same remark is valid when the equa-
tion of state represents a radiative uid with γ = 4/3. Then, the Universe tends toward
a Tolman one with gij → t1/2.
In [19℄, Hyperextended salar tensor theories (HST) with a potential for the Bianhi type
I model are studied. HST has the same ation as (1) but with a gravitational funtion
depending on the salar eld[20℄. Some results of this last study are not hanged by the
presene of a perfet uid. Espeially it has been shown that the Universe isotropises
when Ge3Ω tends toward a onstant. Applied to the present paper, it gives that γ have
to be smaller than two whih is the reality ondition for the equilibrium points.
If we onsider General Relativity with only a perfet uid, it is known that the Bianhi
type I model isotropises. In the present ase, we observe that the presene of a salar
eld add a neessary onstraint, related to the range of value of the onstant ℓ, suh
that isotropisation might arise. We also note that the asymptotial behaviour of the
metri funtions does not depends on ℓ ontrary to the ase for whih the salar eld
dominates.
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Last, from a mathematial point of view, the main dierene between the ase where
the matter is absent[5℄ or does not dominate at late times and the ase of trakers like
theories or matter dominated theories omes from the reality ondition that selets the
equilibrium points. In any irumstanes, the eld equations written with new variables
admit four equilibrium points that we will name E1, E2, E3 and E4. In the rst ase,
reality ondition selets the two rst points and ℓ belongs to a losed interval suh that
ℓ2 < 3. In the seond ase, the two last points are seleted and ℓ belongs to an open
interval suh that ℓ2 > 3
2
γ.
In what follows, we are going to study two well-known theories dened by√
3 + 2ωφ−1 =
√
2 and some exponential and power laws potential. They have mainly
been onsidered for FLRW models and most of the results we will get will not be new.
However they will permit us to test these of the present paper and to show that the
formalism we use allow unifying them. To study eah of these theories, we will proeed
in four steps:
(i) We alulate the asymptotial value of the salar eld if we assume that U ≤ V −γ
or U > V −γ.
(ii) We respetively dedue the onditions suh that U ≤ V −γ or U > V −γ.
(iii) We respetively dedue the onditions on ℓ suh that the Universe isotropise.
(iv) We ompare if needed, the two sets of onditions to hek their ompatibility.
The rst theory we want to study is dened by
√
3 + 2ωφ−1 =
√
2 and U = ekφ. In
[21℄, it is examined without a perfet uid and demonstrated that isotropisation arises
for k2 < 2. In [5℄ it is shown that it an not happen when k2 > 6. If we suppose that
the salar eld does not dominate at late times, we alulate that near the equilibrium
φ behaves as 3γk−1Ω. Thus whatever k, the asymptotial behaviour of the potential
is the same as this of the perfet uid energy density and hene the solution will be
trakers like solutions. The neessary ondition for isotropisation related to ℓ is then
written k2 > 3γ. The alulus of dφ/dt shows that this derivative is of the same order
or smaller than the potential and thus this solution is a true trakers one as usually
onsidered in the literature. If now we assume that the salar eld asymptotially dom-
inates the Universe and that we use the results of [5], the asymptotial form of φ shows
that our assumption is true only if k2 < 3γ. The neessary ondition for isotropisation
given by the limit on ℓ is then k2 < 6. Sine γ < 2, only the rst inequality on k
have to be taken into aount. Hene, when the salar eld asymptotially dominates
the Universe, the neessary ondition for isotropisation is satised. To summarise, if
k2 > 3γ, neessary onditions for isotropisation of the Universe toward a traker solu-
tion suh that e−Ω → t 23γ−1 are respeted whereas if k2 < 3γ, neessary onditions are
respeted suh that it be able to isotropise toward a dominated salar eld Universe
with e−Ω → t2k−2 [21, 5℄. These results have been derived in [22℄ for the FLRW models.
However, in this last paper, a stable trakers solution orresponding to k2 > 6 have
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also been found. It does not exist in this work sine then the isotropisation would be
impossible.
The seond theory we wish to onsider is dened by
√
3 + 2ωφ−1 =
√
2 and U = φk. If
we assume that the late times Universe is not asymptotially dominated by the salar
eld, we nd that φ will tend toward φ0e
3γk−1Ω
, φ0 being an integration onstant§. If
k < 0, ℓ tends to vanish and isotropisation is not possible. If k > 0, ℓ diverges and ne-
essary onditions for isotropisation are respeted. Thus we dedue that the perfet uid
will asymptotially dominate this solution, hene onrming our assumption. If now we
suppose that U > V −γ, the alulus of the salar eld onrm it and, as shown in [5℄,
the theory is able to isotropise toward a De-Sitter model asymptotially dominated by
the salar eld when k < 0. These results are in aordane with these found in [23℄
where it has been shown that for k < 0, the solution is asymptotially dominated by
the salar eld whereas when k > 0, it is matter dominated.
Some partiular ases of minimally oupled salar tensor theories with a massive
salar eld and a perfet uid has already been studied in the literature. Here we
have made an attempt to derive some neessary onditions suh that an asymptotially
isotropi stable state be reahed by the Universe at late times whatever U and ω and
we have then studied its dynamial behaviour. Using these results, we have made two
appliations and heked their onsisteny with previous works. In a future paper, we
hope to apply the mathematial methods of this work to the Hyperextended Salar
Tensor theory for whih the gravitational funtion varies with the salar eld.
Appendix A. Divergene of k
Sine we have hosen to onsider some positive energy densities for the perfet uid with
moreover γ ∈ [1, 2], then k2 is positive and thus from the onstraint, we dedue that the
divergene of k is exluded. However, in what follows, we will onsider that δ < 0. For
the onstraint it is equivalent to write it as p2x2 + Ry2 + 12z2 − k2 = 1 or to keep the
same form as (13) but with k2 < 0. We will onsider this last possibility. Then, k an
diverge but we wish to show that it is not ompatible with an equilibrium state.
In a general manner, when x → 0, the plane where all the isotropi stable states are
present as shown in subsetion 3.2.1, we have the following relations:
k2 → 1− Ry2 − 12z2 (A.1)
and then:
y˙ → y(6ℓz + 3Ry2 − 3− 3/2(γ − 2)(1− Ry2 − 12z2)) (A.2)
z˙ → 3Ry2z −R/2ℓy2 − 3/2(γ − 2)z(1 −Ry2 − 12z2) (A.3)
§ This onstant does not appear in the previous appliation sine it is asymptotially negligible.
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The expressions (A.2) and (A.3) have to tend toward zero to reah equilibrium. For the
rst one, it will arise if y → 0 or 6ℓz+3Ry2−3−3/2(γ−2)(1−Ry2−12z2)→ 0. Let's
study these two possibilities.
Case 1 : y → 0 and (A.2)→ 0
Then, (A.1) implies that z diverges and (A.2) that yz2 tends toward zero. Apply-
ing these two limits to (A.3), we dedue that z˙ → z3 and thus diverges, preventing the
equilibrium. This reasoning is also valid when ℓ diverges.
Case 2 : 6ℓz + 3Ry2 − 3− 3/2(γ − 2)(1−Ry2 − 12z2)→ 0 and (A.2)→ 0
It means that:
y2 →
[
−6ℓz + 3 + 3/2(γ − 2)(1− 12z2)
]
(3/2Rγ)−1 (A.4)
k2 → 1−
[
−6ℓz + 3 + 3/2(γ − 2)(1− 12z2)
]
(3/2γ)−1 − 12z2 (A.5)
By putting this last expression in (A.3), we get an expression of z˙ as a funtion of z.
An equilibrium point an then be reahed only for a nite value of z. But (A.4) shows
that y will tend toward a onstant. Thus, it will be the same for k whih ontradits
the fat that it beomes innite. It is the same if ℓ diverges.
Consequently, a diverging value of k is not ompatible with an isotropi state for the
Universe at late times whatever the sign of δ.
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